We propose a Haldane-BCS-Hubbard model on a honeycomb lattice, which is composed of two copies of the Haldane model of the quantum anomalous Hall effect, an equal-spin pairing term and an onsite Hubbard interaction term. For any interaction strength, this model is exactly solvable along the symmetric line where the hopping and pairing amplitudes are equal to each other. The ground state of the Haldane-BCS-Hubbard model is a topological superconducting state at weak interaction with two chiral Majorana edge states. A strong interaction drives the system across a topological quantum phase transition to a topologically trivial superconductor. A Z2 symmetry of the Hamiltonian, which is a composition of the bond-centered inversion and a gauge transformation, is spontaneously broken by the interaction, resulting a finite antiferromagnetic order in the ydirection.
I. INTRODUCTION
The concept of topology in condensed matter physics has flourished in the past decades 1, 2 . This abstract notion is deeply related to the band structure in the momentum space. The topological band theory has been established and a lot of predicted materials have been synthesized 3 . Recently the full diagnosis of the nontrivial band topology for non-magnetic materials have been established [4] [5] [6] . The interplay of topology and correlations can lead to novel phases and phase transitions in condensed matter systems. First, the interactions may reduce the topological classification of free fermions in one dimension 7, 8 and two dimensions 9 . Second, interactions may drive topological quantum phase transitions, which is demonstrated in exactly solvable models of interacting Kitaev chains [10] [11] [12] , the Haldane-Hubbard model 13 and the Z 2 Bose-Hubbard model ? . Recently, Chen et. al.
14 generalized the construction of the Kitaev honeycomb model 15 to spinful fermion models with both equal-spin pairing and Hubbard interaction terms, dubbed BCS-Hubbard model, which can be solved exactly when the pairing amplitude equals the hopping amplitude. Later Ezawa 16 generalized the BCS-Hubbard model on a honeycomb lattice by introducing the Kane-Mele spin-orbit coupling (SOC). However, an infinitesimal Hubbard interaction U will destroy the topological superconducting state due to the spontaneous time reversal symmetry breaking in Ref. 16 . It is still desirable to find an exactly solvable model in two dimensions with topological phase transition at finite interaction strength to study the interplay of topology and correlations.
In this paper, we investigate the Haldane-BCSHubbard model on a honeycomb lattice. Along the symmetric lines where the hopping amplitude equals the pairing amplitude, the model is exactly solvable and reduces to the Falicov-Kimball model 17 . There is an interaction induced topological phase transition at finite Hubbard U along the symmetric lines. The phase transition can be characterized by the change of the spectral Chern number. Thus the topological superconducting state in our model is stable to small interaction. These results are obtained exactly without approximation, and can serve as a benchmark for further study.
The paper is organized as follows: In section II, we introduce the Haldane-BCS-Hubbard model. Then we show the exact solvability of the model along the symmetric lines in section III. We analyze the symmetry of the model in section IV and introduce the composite fermion representation in section V for later convenience. In section VI, we study the noninteracting limit of the model and give the phase diagram. In section VII, we study the model along the symmetric lines and show the interaction induced topological phase transition. We summarize the results and propose the possible realization of the model in section VIII.
II. MODEL HAMILTONIAN
In this section, we introduce the Haldane-BCSHubbard model we study. The Hamiltonian of the model consists of three parts and can be expressed as follows
where given by
where c is (c † is ) annihilates (creates) an electron at site i with spin s =↑, ↓ pointing in the z-direction. ij and ij denote the nearest and next-nearest neighbor sites. t 1 is the nearest neighbor hopping matrix element and t 2 is the SOC strength. The sign ν ij = sign d 1 ×d 2 z = ±1, 
III. EXACT SOLVABILITY
In this section, we shall show the exact solvability of the Haldane-BCS-Hubbard model along the symmetric lines
The Haldane-BCS-Hubbard model is not exactly sovable in general. However, similar to the BCS-Hubbard model 14 , we find this model can be solved exactly along the symmetric lines. The exact solvability of the model becomes manifest in the Majorana fermion representation. As the system contains two sublattices, we use r to denote the unit cell and c rsλ to denote the annihilation operator with spin s at unit cell r in sublattice λ = A, B.
We then decompose the complex fermion operators c rsλ into Majorana fermion operators η rsλ and γ rsλ as follows
Note the decomposition is opposite for the two sublattices. The Hamiltonian in the Majorana fermion representation becomes
where
and a 2 = a − 
The total Hilbert space is divided into different sectors characterized by {D rλ }. Within each sector, the Hamiltonian contains only quadratic terms of γ Majorana fermions and can be solved exactly.
IV. SYMMETRY
Symmetry plays an important role in the following analysis. In this section, we shall analyze the various symmetry of the Haldane-BCS-Hubbard model. The fermion operators transform as
is under the particle-hole symmetry (PHS). It is obvious that the Hamiltonian has the PHS 20 . The time reversal symmetry (TRS) operator for spinful system is T = iσ y K, where K denotes the complex conjugation and
Just as in the Haldane model, the SOC terms break the TRS explicitly. The sublattice symmetry (SLS) can be implemented by the bond centered inversion operator I. The signs shown in FIG. 1 indicate H pair breaks the SLS. With SOC and ESP terms, the Hamiltonian does not preserve the SU (2) spin rotation symmetry. Therefore, the system falls into class D in the topological classification of superconductors (SC) 21 .
V. COMPOSITE FERMION REPRESENTATION
In this section, we introduce the composite fermion representation. These composite fermions form the quasiparticles for the Haldane-BCS-Hubbard model. We define the composite fermions as in Ref. 14
The physical meaning of the composite fermions becomes clear by introducing the fermion operators pointing in the ±y-direction as follows
We express d composite fermions in terms of c fermion operators
which are equal-weight superposition of particle and hole of c fermion operators. d r1A and d r2B (d r2A and d r1B ) carry spin-1/2 pointing in the y(−y)-direction. We write the Hamiltonian in the composite fermion representation
where n rαλ = d † rαλ d rαλ with α = 1, 2. Thus the original system can be viewed as two species of d composite fermions with nearest neighbor pairing, next-nearest neighbor SOC, and they interact with on-site Hubbard 
VI. NONINTERACTING LIMIT: HALDANE-BCS MODEL
In this section, we analyze the noninteracting limit of the Haldane-BCS-Hubbard model. At U = 0, the model reduces to the Haldane-BCS model. Note the Hamiltonian H 0 is decoupled for two species of d composite fermions H 0 = H 1 + H 2 , where H α contains d α composite fermions only. The Hamiltonian H 0 is uniform and we can perform the Fourier transformation to obtain the spectrum. The Fourier transformation is defined as
We also define the spinor as ψ † kα = d † kαA , d −kαB , the Hamiltonian H α can be written in the form of
are the Pauli matrices and T 1 (k) are given by
are the three vectors of nearest neighbor bonds. T 2 (k) can be obtain by the dual mapping d r1λ → d r2λ with parameters changing ast 1 → −δ 1 andt 2 → δ 2 . The energy dispersions read E α (k) = ± T α (k) , which form reflects the PHS of the Hamiltonian. The ground state is unique with all the negative energy levels of both d composite fermions are occupied. The system is gapped for nonzerot 1 ,t 2 and δ 1 , δ 2 . The noninteracting Hamiltonian H 0 describes two components Haldane model with ESP at half-filling. According to the symmetry analysis in section IV, the system falls into the category of topological superconductor (SC) belonging to class D 21 . The topological invariant is given by the total Chern number 22 C = C 1 + C 2 , where C α denotes the Chern number of d α composite fermions. We calculate the Chern number and find
where sign(x) = lim →0
x √ x 2 + 2 is the sign function. Thus the total Chern number is given by
which indicates the topological phase transition at t 2 = ±∆ 2 . Accordingly the gap closes for
the system is in the topological SC state with total Chern number C = ±2. For |t 2 | < |∆ 2 |, the system is in the trivial SC state with total Chern number C = 0. At the critical lines t 2 = ±∆ 2 , one species of d composite fermions is gapless and another species is in the topological SC state with Chern number C = ±1. The origin is a gapless multicritical point. The topological phase transition can be understood via the bulk-edge corresponding. Except at the critical lines, each species of d composite fermions has nonzero Chern number, i.e. in the topological SC state with single chiral edge state. For |t 2 | > |∆ 2 |, both edge states carry the same chirality and the system is in the topological SC state with two chiral edge states. However for |t 2 | < |∆ 2 |, two edge states with opposite chirality cancel with each other. The system becomes a trivial SC state with total Chern number C = 0. We plot the energy spectrum of d 2 composite fermions with different sign of δ 2 in Fig. 3 and find in both cases the system has single chiral edge state on each edge. Due to sign change of δ 2 , the wavefunctions of the edge states localize on opposite edges, which indicates the chirality of the edge states is changed.
For comparision, we also show the energy spectrum and wavefunctions of d 2 composite fermions in Fig. 4 . This is consistent with the sign change of Chern number of d 2 composite fermions. At the critical lines t 2 = ±∆ 2 , one chiral edge state merges into the bulk and the system becomes a gapless topological SC state with single chiral edge state. The topological phase transition can also be revealed by another dual mapping η λ → ληλ (γ λ → λγλ), whereλ is the different sublattice of λ. The Hamiltonian has the dual symmetry with parameters changing as t 2 ↔ ∆ 2 (t 2 ↔ −∆ 2 ). The topological phase transition happens exactly at the self-dual point t 2 = ±∆ 2 . Similar duality relating topological and trivial phases has been discovered in the interacting Kitaev chain 10 . If we employ the BdG formalism 23 and use the Nambu spinor
, the above analysis is still valid except the Chern numbers should be multiplied by 2 and each chiral edge state becomes two chiral Majorana edge states.
VII. HALDANE-BCS-HUBBARD MODEL ALONG SYMMETRIC LINES
In this section, we analyze the Haldane-BCS-Hubbard model along the symmetric lines δ 1 = δ 2 = 0. In terms of d composite fermions language, the d 2 fermions are completely localized (or form the completely flat bands in the band theory language 11 ). The Hamiltonian effectively reduces to the Falicov-Kimball model with only one species of mobile d composite fermions
As the total Hilbert space is divided into different sectors characterized by the sets of {D rλ }, we first determine the ground state sector. Within each sector, the ground state energy is by summing all the negative energy levels. The ground state sector is determined by the set of {D rλ } with minimal ground state energy. We traverse all the 2 N sectors numerically for small lattice size and find the ground state sectors are {D rλ = ±λ}. We also note the sectors {D rλ = ±1} have the maximal ground state energy. For large lattice size, we randomly choose the sec- tor {D rλ } and find its ground state energy always falls between the sectors {D rλ = ±λ} and {D rλ = ±1}. Thus we conclude the ground state sectors are {D rλ = ±λ}. The ground states are uniform with two-fold degeneracy.
Within the ground state sectors, the Hamiltonian of the Haldane-BCS-Hubbard model along the symmetric lines reduces to
where D rλ = 2λ n r2λ − 1 2 = ±λ. The d 2 composite fermions form the background Z 2 charge fields. Note the Hamiltonian is symmetric with respect to the Hubbard U along the symmetric lines. As the ground state sectors are translation invariant, we can perform the Fourier transformation and the Hamiltonian H s can also be written in the form of
with
The energy dispersion reads E s (k) = ± T s (k) , which is gapped except at U = ±3 √ 3t 2 . The quasiparticle excitations are the spin-1/2 d 1 composite fermions. Even with the Hubbard interactions, we can define the spectral Chern number in terms of these quasiparticles along the symmetric lines. The spectral Chern number is given by
Thus there is a topological phase transition at U = ±3 √ 3t 2 and the gap closes at this point accordingly. This topological phase transition can be understood easily in terms of d 1 composite fermions. Within each sector, the Hubbard interactions act as chemical potential terms. For small U , the system is in the weak pairing region and topological. While for large U , the system is in the strong pairing region and becomes topologically trivial 2, 24 . The topological phase transition is due to the competition between the SOC and Hubbard interactions. This mechanism is remarkably different from the Kane-Mele-BCS-Hubbard model studied in Ref. 11 , where an infinitesimal U renders the topological SC state into trivial, because its topological SC state is protected by the TRS, and the Hubbard interaction always spontaneously breaks the TRS and mixes different spin components within each sector as T iγ ↑λ γ ↓λ T −1 = −iγ ↑λ γ ↓λ . In the Haldane-BCS-Hubbard model along the symmetric lines, the topological phase transition happens at finite U , which clearly manifests the competition of topology and correlations.
We study the properties of ground states with the aid of symmetry analysis. Even though the Hamiltonian does not have the inversion symmetry I, we note it has the combined symmetryĨ of bond centered inversion I plus gauge transformation c rsλ → s (iσ z ) ss c rs λ . The two degenerate ground states are transformed to each other by the symmetryĨ. Thus the ground states spontaneously break the Z 2 symmetryĨ for nonzero U . We define the transverse magnetism in the y-direction as the order parameter
We calculate the transverse magnetism via the operator identity
For comparison, we find d † rαλ d rαλ = 1 2 in the noninteracting limit with generic hopping and pairing amplitudes, thus the ground state is nonmagnetic. For nonzero U along the symmetric lines, we have 
VIII. SUMMARY AND DISCUSSIONS
In this paper, we study the Haldane-BCS-Hubbard model. We find this model can be solved exactly along the symmetric lines. In the noninteracting limit, the Haldane-BCS model has topological phase transitions at the self-dual points. The topological phase transition are revealed by the bulk-edge correspondence. Along the symmetric lines, we find the model reduces to the FalicovKimball model. There is an interaction induced topological phase transition due to the competition between SOC and Hubbard interaction. With nonzero Hubbard U , the ground states spontaneously break the Z 2 symmetry and have staggered transverse magnetism in the y-direction.
The Haldane model has already been realized in the cold atoms system 25 . Actually we can view our model as bilayer of Haldane models. The spin index s can be viewed as the layer index with s =↑ for the upper layer and s =↓ for the bottom layer. The ESP and the onsite interaction Hubbard U between two layers might be introduced in cold atom systems. Therefore, we expect the interaction induced topological phase transition can be observed in cold atom systems.
